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1 0o 2
1 A=| ¢ 3 1
-2 -1 1
3 1 t 1 t 3
det(A)zl‘ ‘_ ‘2 ‘
-1 1 -2 1 -2 -1
=1(3+1)-0+2(-t+6)
=4-2t+12
=16-2¢

Since A is singular, det(A) = 0, therefore:
16-2t=0=1=8
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To find an eigenvector corresponding to 4, =5
I 8 \(x X
=5
8 —11)\y y
x+8y ) [5x
8x—11y) |5y

Equating the upper elements gives:

xX+8y=5x=>x=2y
Setting y =1 gives x =2

1 8
3 a M:( IJ,/L:S and 4, =-15

2
Hence, an eigenvector corresponding to 4, =5 is (1]

To find an eigenvector corresponding to 4, =—15

I 8 \(«x X
=-15
8 —11)\y y
x+8y ) (—I5x
8x—11y) (-15y
Equating the upper elements gives:
x+8y=-15x=2x=-y

Setting x =1 gives y = —2

1
Hence, an eigenvector corresponding to A4, =—15 is ( 2)
2
b (J has magnitude v2% +1> =/5

Hence, a normalised eigenvector corresponding to (J is

Sl &l

1
[ 2) has magnitude /1 +(-2)" =/5

N§||H

Hence, a normalised eigenvector corresponding to ( Zj is

&= Gl
o G-
2
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2 -1
AB =
Therefore:

(aB) :[—21 g}

Hence (AB)T =B'A" as required

55
5 a A=
3 -7
-5-1 8
A-I=
S
det(A—Al)=(-5-2)(-7-1)-24
=(5+4)(7+4)-24
=35+124+ A% 24
=17 +121+11
=(A+1)(A+11)
det(A—ﬂI)=0
(A+1)(A+11)=0
A=—lorA=-11
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5b

When 4 =-1
 5)6)-0)
3 TNy y
—Sx+8y —X
[ 3x=Ty j:[—yj
Equating the upper elements gives:

1
—5x+8y:—x:>y:5x

When 4 =-11
-5 8 \(x X
=-11
3 TNy y
—5x+8y) (-llx
3x-7y ) (~11y
Equating the upper elements gives:

—5x+8y:—11x:>y:—%x

31
A=|2 4 0| and] isaneigenvalue of A
1 0

Equating the lower elements gives:

xX+z=z=>x=0

Equating the middle elements and setting x = 0 gives:
0+4y=y=y=0

Equating the lower elements again and setting x = 0 gives:

zZ=Zz
Hence, z=1
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310
6 b A={2 4 0
1 0 1

det(A—A1)=0
(1-2)(A-2)(2-5)=0

A=lorA=20rA=5
Hence, the remaining eigenvalues are 2 and 5
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4 3 0
7 T=|0 -2 1
31 =2
1 2
[:r=|0|+t] -3
2 0
4 3 0)(1) (4+0+0
0 2 1 {0|=|0+0+2
3 1 =2){2) (3+0-4
4
=2
-1
4 3 0Y)2 8—9+0
0 -2 -3 |=[0+6+0
31 =2){o0 6—3+0
-1
= 6
3
4 -1
L:r=| 2 [+t 6
-1 3

In Cartesian form this is the equation:
x—=4 y-2 z+1
-1 6 3
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3 4 4
8a A=(4 5 0
4 0 1

3-4 4 4

A-Al=| 4 5-2 o}

-4 0 1-2

det(A—AI)=(3-2)[(5-2)(1-1)-0]-4[4(1-2)-0]-4[0+4(5-12)]

det(A—/H)=0
(3-2)(1-9)(2+3)=0

A=-3orA=30rA=9
Hence, 3 is an eigenvalue (as required) and the remaining eigenvalues are —3 and 9

b To find an eigenvector corresponding to the eigenvalue 3:
3 4 4)\x X

4 5 0 ||y|=3y
-4 0 1 )\z z
3x+4y-4z 3x
4x+5y |=|3y

—4x+z 3z
Equating the elements of the middle row gives:
4x+5y=3y=>2x=—y

Setting x = 1 gives y = —2

Equating the elements of the bottom row gives:
4x+z=3z=2x=—z2

Hence z=-2

1

Therefore, an eigenvector corresponding to the eigenvalue 3 is | -2
-2
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2 2
8 ¢ The remaining two eigenvectors are | 2 | and | —1
-1 2
1
. ) 2 2
-2 |has magnitude \/l +(-2) +(-2) =3
-2
1
1 3
Hence a normalised eigenvector corresponding to | —2 | is —%
-2
3
2
2 |has magnitude ,/2° +2° + (—1)2 =3
-1
2
) 3
Hence a normalised eigenvector corresponding to | 2 | is %
_1 _l
3
2
—1 |has magnitude 4/2° +(—1)2 +2* =3
2
5 3
Hence a normalised eigenvector corresponding to | —1 | is —%
22
3
Therefore:
12 2
3 3 3
p_|_2 2 _1
3 3 3
22 12
3 3 3

Note that P could also be formed with any reordering of the columns, and with any
column(s) multiplied by —1
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2 20
9a A=|-2 1 2
0 2 5
2 -2 0)(2 2
-2 1 2| 3 |=k]3
0 2 5)-1 -1
4-6+0 2
—4+3—2}k 3
0+6-5 -1
-2 2
-3 |=k| 3
1 -1
2
Hence k£ = —1 and therefore —1 is an eigenvalue of A, corresponding to | 3
-1
2 -2 0)2 2
-2 1 2| -1|=k|-1
0 2 5)1 1
4+2+0 2
—4-1+2 |=k| -1
0-2+5 1
6 2
-3 |=k| -1
3 1

2

Hence k = 3 and therefore 3 is an eigenvalue of A, corresponding to | —1
1
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2 20
9 b A=|-2 1 2| and 6 is the third eigenvalue.
0 2 5
To find an eigenvector of A corresponding to eigenvalue 6:
2 =2 0)\(x X
-2 1 2||y|=6]y
0 2 5]z z
2x-2y 6x
-2x+y+2z |=| 6y
2y+5z 6z

Equating the upper elements gives:
2x-2y=6x=2x=—y

Setting x = 1 gives y = —2

Equating the lower elements and substituting y = —2 gives:
gives:

—4+5z=6z=>z=—4

Hence an eigenvector of A corresponding to eigenvalue 6 is | —2
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2 2 1
9 ¢ Theeigenvectorsof Aare | 3 |, | —1|and | -2
-1 1 —4
2
3 | has magnitude /2 +3° +(—1)2 =14
-1
2
o\ | V14
Therefore, a normalised eigenvector corresponding to | 3 | is 3
) | Ve
1
V4
2
—1 | has magnitude ,/2° +(—1)2 +12 =6
1
2
5 J6
Therefore, a normalised eigenvector corresponding to | —1 | is —%
Vol
NG
1
—2 | has magnitude \/12 +(=2) +(—4) =21
—4
1
| V21
Therefore, a normalised eigenvector corresponding to | =2 | is __2
4] | Y
4
V21
2 2 1
Via  Je 21
po| > L 2
Via Ve V21
1 1 4

Jia Yo V21

Note that P could also be formed with any reordering of the columns, and with any
column(s) multiplied by —1
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I x -1
10a A=|3 0 2
1 1 0
Step 1
0 2 320 30
det(A)zl‘ . H ‘
1 0 I o 1 1
=1(0-2)-x(0-2)-1(3-0)
=-2+2x-3
=2x-5
Step 2
0 2 32 30
1 0‘ ‘1 0‘ 1 1
Mol [F —1‘ ‘1 —1‘ 1 x
I of 1 O] 1 1
x =1 |1 -1 1 x
0 2‘ ‘3 2‘ 30
0-2 0-2 3-0
= 0+1 O0+1 1-x
2x-0 2+3 0-3x
-2 2 3
=1 1 1-x
2x 5 3x
Step 3
-2 2 3
C=|-1 1 x-1
2x -5 3x
Step 4
-2 -1 2x
C' = 1 -5
3 x-1 -3x
Step 5
I
det(A)
-2 -1 2x
= ! 1 -5
2x-5
3 x-1 -3x
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1 x -1 -2 -1 2x
10b A={3 0 2 |and A”'= ! 1 -5
11 0 3 vl
Therefore:
1 3 -1 -2 -1 6
A=|3 0 2|andA'=[2 1 -5
1 1 0 3 2 -9
a 4
A[b =3
c 5
a 4
bJA{3
c 5
-2 -1 6)(4
=12 1 -5|3
3 2 -9)5
-8-3+30
=| 8+3-25
12+6-45
19
=| -14
=27
So

a 0 2
11a A={ 4 3 0
-2 -1 1
If det(A—T)=0 then 1 must be an eigenvalue of A. So calculate det(A—1I):
a-1 0 2
A-1=| 4 2 0
-2 -1 0
det(A—I):(a—1)(0—0)—0(0—0)+2(—4+4)
=0+0+0
=0

Therefore, for all values of a an eigenvalue is 1
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a 0 2)\2 2
11b |4 3 0| -2|=p-2
-2 -1 1)1 1
20+0+2 2
8—6+0 |=p| -2
—4+2+1 1
2042 2
2 (=82
-1 1
Equating the lower elements gives:
p=-1

Equating the upper elements gives:
20+2="2=a=-2

¢ Whenao=-2
-2 0 2
A= 4 3 0
-2 -1 1

det(A—-AI)=(-2-2)(3-2)(1-2)+0+2(-4+2(3-2))
=—(2+2)(3-2)(1-2)-8+12+44
=-(2+2)(3-2)(1-2)+4(1- 1)

(1-2)[4-(2+2)(3-2)]

(1-2)[ 4*-2-2]

(

1-2)(A-2)(A+1)

det(A—/H)=O
(1-2)(A=2)(A+1)=0

A=-lordA=loriA=2
Hence when a = —2, the third eigenvalue of A is 2
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1 -1 3
12a A=|2 1 u
0 1 1
Step 1
u 2 u 2 1
det(A)zl‘ +1 +3 ‘
Il |10 1 0 1
=1(1-u)+1(2-0)+3(2-0)
=1-u+2+6
=9-u
Step 2
1w 2 u |21
‘1 Il [0 1 ‘0 1‘
M = ‘—1 3‘ 1 3 ‘1 —1‘
I 1 [0 1 [0 1
-1 3] (1 3 |1 -1
‘1 ul 2 u ‘2 1‘
I-u 2-0 2-0
= -1-3 1-0 1-0
-u—-3 u—-6 1+2
l1—u 2 2
= —4 1 1]
-u-3 u-6 3
Step 3
l-u -2 2
C=| 4 1 —1]
-u—-3 6-u 3
Step 4
l-u 4 -u-3
C'=| 2 1 6-u
2 -1 3
Step 5
a1 T
det(A)
l-u 4 —-u-3
= ! {—2 1 6-u | u#9
9—u
2 -1 3
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a -2.8
12b A|b|=| 53
c 2.3
a 2.8
b|=A" 53
c 2.3
When u =4
3 4 -7
L P S
5
2 -1 3
06 08 -14
=|-04 02 04
04 -02 0.6
a) (-0.6 08 —14)\-28
bl=|-04 02 04| 53
¢ 04 -02 06 )23
1.68+4.24-3.22
=| 1.12+1.06+0.92
-1.12-1.06+1.38
2.7
=| 3.1
-0.8
a=2.7,b=3.1and c=-0.8
30 0
13a M=|1 1 1
4 -1 3
3-1 0 0
M-AI=| 1 1-1
4 -1 3-1
det(M—A1)=(3-2)|(
=(3-2)[(1-2)(3-2)+1]
=(3-2)(3-44+ 4> +1)
=(3-2)(2*-44+4)
=(3-4)(4-2)(4-2)
det(M - AI)=0
(3-4)(A-2)(4-2)=0

A=3or A =2 repeated

Hence M has only two distinct eigenvalues.

A)[(1=2)(3=2)+1]+0[1(3-2)—4]+0[ -1-4(1-2)]
)
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13b To find an eigenvector corresponding to eigenvalue 3:

3 00 x
I 1 1 =3
4 -1 3 z
3x 3x
x+y+z |=|3y
4—-y+3z 3z

Equating the lower elements gives:
4x—y+3z=3z=> y=4x
Setting x = 1 gives y =4

Equating the middle elements and substituting x = 1 and y = 4 gives:

1+4+z=12=2z=7

1
Hence, an eigenvector corresponding to eigenvalue 3 is | 4
7
To find an eigenvector corresponding to eigenvalue 2:
3 0 0 X
I 1 1 =2y
4 -1 3 z
3x 2x
xX+y+z |=|2y
4—y+3z 2z

Equating the top elements gives:
3x=2x=>x=0

Equating the middle elements and substituting x = 0 gives:

O+y+z=2y=>y=z
Setting y =1 gives z = 1

Hence, an eigenvector corresponding to eigenvalue 2 is
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1 11
2 2 2
1 1 1
14a P= 5 3 —ﬁ
B S
V2 2
1 1 1
2 2 2
: 1 11
P=2 2 7
L S
V2o 2
1 11 1 1 1
2 2 fll2 2 &2
ol 1 1 1 11
ey 5l 2o
L P | L S S
V2 2 V22
1. 1.1 11t 1 1,
4 4 4 4 2 22 22
1,11 LN U SRS SRR S
4 4 2 4 4 2 22 22
1 1 1 1 11
2\/5—2\/5+0 2\/5—2\/§+O §+5+0
1 00
=0 1 0
00 1

Therefore, P is orthogonal.
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14b [7,:x+y-~2z=0
Find two non-parallel position vectors v and w inside /1:
Set x =0 and z = 1: then y:\/i

0 N5

Sov=|+2|and w=| 0 | are position vectors inside 71>
1 1

To find /71, determine a and b such that Pa=v and Pb =w as these will be non-parallel position
vectors inside /7

Soa=P'vand b=P'w

As P is orthogonal, P"' =P" so a=P"'v and b=P'w

r 1 1

22 200 (2
O S S W
2 2 2

1 1 ! -1
— — 0

2 2

r 1 1

22 Y (1
1 11
b=|-—— — —1 0= 0
2 2 2 |
L S
V22

axb is in the normal direction of the plane /7,

L) (2 0+0 0
axb=| 0 |x| 0 |=|V2+2|=|2

-1 -1 0+0 0

Therefore I7; is 2/2 y=0
Or simply, y=0
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3 -3 6
15a A=|0 2 -8
0O 0 =2

3-4 3 6
A-AI=| 0 2-4 -8
0 0 -2-4

det(A—AI)=(3-2)[(2-4)(-2-1)-0]+3[0(-2-2)-0]+6(0-0)

——(2-2)(2+4)(3-2)
det(A—/H)=0
~(2-2)(2+4)(3-4)=0
A=-2o0rA=20rA=3

3 -3 63 3
b |0 2 -81|=k|1
-2 )0 0

9-3+0 3
0+2+0 1
0+0+0 0

3
2=kl 1
0 0

Therefore k=2
3

Hence | 1 | is an eigenvector of A
0
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7 -6 2
15¢ B=|1 2 3
1 -3 2
7 —6 2)\(3 3
1 311 |=k|1
1 -3 2){0 0
21-6+0 3
3+2+0}k 1
3-3+0
3
0
Therefore k=5

3

Hence | 1 | is an eigenvector of B

3
d So |1l
0

0

is an eigenvector of AB corresponding to the eigenvalue 10
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1 1 1 1
det(A):l‘ 3 3 ‘

2.7 4 7 4 2
=1(7-2)-0+1(6-4)
=5+2

=7

—0‘ ‘+1

W = AN = N W

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Solution Bank

written in vector form this is the line:
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16b x=2=Z2
4 3
0 1
r=0|+7/4
0 3

Let the line mapped onto r=| 0 [+¢| 4 |be r=| 0 |+¢| b

a
Al D |=

1
4
c 3
a 1
b|=A" {4
c 3
5+8-3
-17+12+6
2-8+3
10
1
-3
So the mapped line is:
10

1
7

1
7

7
r:0+tl
7

3

7

In Cartesian form this is the line:

1 0

3 0
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Challenge

ol gm0
E ) )

_[ae+bg af+bhj

ce+dg cf +dh
tr(AB) = ae+bg +cf +dh

s )

_(ae+cf  Dbe+df
ag+ch bg +dh

=ae+bg+cf +dh
So tr(AB) = tr(BA) as required
b tr(P"'MP) = tr(P"'(MP))

= tr(MP)P")
= tr(M)

Since tr(P"!MP) = p + ¢ then tr(M) = p + ¢ as required.
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